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. Abstract. We sharpen the construction of representation space in the pa- 

per "Principal Series Representations of Infinite Dimensional Lie Groups II: 
Construction of Induced Representations" . We show that the principal series 
representation spaces constructed there, are completions of spaces of sections 
, of Hilbert bundles rather than completions of quotient spaces of sections. 

^: 

1^ I This note is a continuation of [5], using the same notation. We sharpen the 

. construction of the representation spaces in [5l §§5B, 5C] by proving that the 

bounded right uniformly continuous sections of a homogeneous Hilbert space bun- 
dle Et- — > G / H (defined by a unitary representation r of H) are separated by means 
on G/H. 

T 1 

\ General Setting 

q!^ \ G is a topological group, not necessarily locally compact, and H is a closed 

■ amenable subgroup, r is a unitary representation of H , say on and E,- — G/H 
\ is the associated homogeneous Hilbert space bundle. The space RUCb{G/ H;Et) 

■ of bounded right uniformly continuous bounded sections of E,- — > G/H consists of 
the right uniformly continuous bounded functions f : G ^ Er such that f{xh) = 

CN ■ T{hy^f{x) for a; e G and he H. G acts on it by {TTr{x)f){x') f{x^^x'). Since 

T is unitary the pointwise norm is defined. If /j, is a mean on G/H we 

then have a seminorm on RUCi,{G/ H;Et) defined by = m(II/II)- We denote 

the space of all means on G/H by = M{G/H). 
^ ■ We use properties of means and amenability from [2], [3] and [4]. 

Proposition 1. If =^ f e RUCb{G/H;Er) then there exists fi e M = 
M{G/H) such that i= 0. In other words, in [5", Prop. 5.13 and Cor. 5.14], 

'^m{G/H;Et) is the locally convex TVS completion of RUG(,{G/H;Et). 

Proof. Let / G RUCb{G/ H;Kt) be annihilated by all the seminorms t'^, 
^ £ M. Suppose that / is not identically zero and choose x G G/H with f{x) ^ 0. 
WE can scale and assume = 1. Evaluation Sxi'p) = f{x) is a mean on G 

and (S^^dl/ll) = 1. Now the compact convex set S = {a e M{G) \ cr(||/||) = 1} 
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(weak* topology) is nonempty. Since H is amenable it has a fixed point fxj on S. 
Now fj,f is a mean on G/H and the seminorm i'fij{f) = 1. □ 

Principal Series 

We specialize Proposition [1] to our setting where G is a real Lie group, e.g. 
S'p(cxd;M), and P is a minimal self-normalizing parabolic subgroup. Then the 
amenably induced representations Indp(r) of G on the T m{G / P]^t)^ in other 
words the general principal series representations of G, do not require passage to 
quotient spaces of the RUCb{G/ P;Er)- Further, the argument of jSj Proposition 
5.16], that Ind p(r) I = Ind^ when the parabolic P is flag-closed, is simplified 
because we need not compare quotient structures. 

Other Completions 

Here is a Frechet space completion of RUCb{G/ P;Et-)- Note that G = lin^G„ 
where the Gn are real reductive groups defined over the rational number field Q in 
a consistent way. So we have the rational group Gq := lii^G„^Q. The point is that 
the Gn.Q are countable, so Gq is countable, and the evaluations form a countable 
family {6^p \ x G Gq} of means on G/P. li f e RUCbiG/ P]Er) and ||/|| is 
annihilated by each of the "rational" seminorms i/s^p , the argument of Proposition 
[1] shows that / = 0. The locally convex TVS structure of i?C/Gb(G/P; E^), using 
only that countable family of seminorms, defines a Frechet space completion of 
RUCb{G / P;E,r)- The action of Gq extends by continuity to this completion of 
RUGb{G / P;E,r), but it is not clear whether the the action of G extends. 

We enumerate Gq by the positive integers to define a mean fi = J2m>o '^~"^^xP 
on G. The corresponding seminorm = J2m>i'^~"^\\f(^"i)\\ is a norm on 

RUCb{G/ P;Kr)- It defines a pre Hilbert space structure on RUGb{G / P'^'Kt) by 
U^h) = Y.rn>i'^''"{fMMxm)). Again, the action of G on RUCb{G / P-¥.,) 
does not appear to extend by continuity to the corresponding Hilbert space com- 
pletion. 
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